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RICCI-QUADRATIC HOMOGENEOUS EINSTEIN METRICS 


RITA HASHEM ABDULLAH AIDAROS, NARASIMHAMURTHY S.K. 


ABSTRACT. In this paper, we introduce the notation of Einstein-reversibility for Finsler 
metrics. A characteristic condition of Einstein-reversibility to be Ricci-quadratic is given, 
and we obtain theorem that characterizes Ricci-quaratic Einstein metric. We prove that a 


homogeneous Einstain metrics is Ricci-quadratic if and only if it is Berwald type. 


1. Introduction 


A Finsler space is a manifold M equipped with a family of smoothly varying Minkowsky 
norms, one on each tangent space. Riemannian metrics are examples of Finsler norms that 
arise from an inner-product. A Finsler metric function L(x, y) is called an (a, 3) -metric if 
L is a positively homogeneous function of a Riemannian metric a(x, y) = VJSayyiys and a 
differential 1-form (x, y) = b;(x)y’ of degree one. 


Finsler metrics are Riemann metrics without quadratic restriction. For a Finsler metric 
F = F(x,y), its locally minimizing curves are characterized by a system of differential 


equations: 


where the local functions G; = G’ (x, y) are called the spray coefficients. If F = \/gi;(x)y’y 
is Riemannian, then G° = 3T%,(x)y/y* are quadratic in y € TaM. This quadratic property 
is crucial in the regularity of the exponential map exp, : T,M — M at the origin of T,.M. 
Namely, exp, is C% at the origin 0 € T ,M at any point x if and only if the spray coefficients 
of F are quadratic in y E€ Tp, M at any point x. There are non-Riemannian metrics whose 
spray coefficients still have this quadratic property. Finsler metrics with this property are 
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2 AIDAROS AND NARASIMHAMURTHY 
called Berwald metrics. It is known that every Berwald metric has the same geodesics as a 
Riemannian metric [15]. Thus Berwald metrics can be identified with Riemannian metrics 


at geodesic level. The Riemann curvature is a family of linear maps 
R, = Ri 9 de® : TM — T,M, given by 


OG? 2 OCF, OE O 
art I aaidyk “7 Byidy*  Byidy*’ 





Ri = 


From the above formula, one can see that if F is a Berwald metric, then Ri, = Ri(z, y) 


are quadratic in y € TM. 


Guojun Yang in [5] study the reversibility of Einstein scalar in Finsler geometry, it is 
shown that Ricci curvature of Einstein metrics is reversible if and only if the Ricci curvature 
is quadratic. For a Finsler metric F = F(x,y) on a manifold M, the Riemann curvature 
R,:T,M — TM is a family of linear transformations and the Ricci curvature Ric(x, y) = 


trace(Ry), Vy € Tz M. 


We can always express the Ricci curvature Ric(x, y) as 


Ric = (n — 1)A(z, y)F?, 


for some scalar A(x, y) on TM, where A(x, y) is called the Einstein scalar. A Finsler metric 


F is called of Einstein-reversibility if the Einstein scalar is reversible, namely, 
A(z, y) = A(x, =y). 


If the Einstein scalar A(x, y) is a scalar on M, namely, A(x, y) = A(x), then F is called 
an Einstein metric. Einstein metrics are a natural extension of those in Riemann geometry 
and they have been shown to have similar good properties as in Riemann geometry for some 


special Finsler metrics (see more [13], [14], [16], [17], [18], and [19]). 


A Finsler metric is called Ricci-quadratic if its Ricci curvature Ric(x,y) is quadratic in 
y. It is clear that the notion of Ricci-quadratic metrics is weaker than that of R-quadratic 
metrics. A. Tayebi, T. Tabatabaeifar [21] proved that a Matsumoto metric is Ricci-reversible 


if and only if it is Ricci-quadratic. It is therefore obvious that any R-quadratic Finsler space 
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must be Ricci-quadratic, in particular, any Berwald space must be Ricci-quadratic. However, 
there are many non-Berwald spaces which are Ricci-quadratic. In general, it is quite difficult 
to characterize Ricci-quadratic metrics. Li and Shen in [20] considered the case of Randers 


metrics in and obtained a characterization of Ricci-quadratic properties of such spaces. 


Z.Hu and S. Deng in [6] prove homogeneous Randers spaces is Ricci quadratic if and only 
if is Berwald type. In this paper we obtain some results on characterizetion of Ricci-quaratic 
Einstein metric and we prove that homogeneous Einstein metrics is Ricci-quadratic if and 


only if it is of Berwald type. 


2. Preliminaries 


Definition 2.1. Let V be an n-dimensional real vector space. A Minkowski norm on V is 


a real function F on V which is smooth on V — {0} and satisfies the following conditions: 


e F(u) >0,Vu eV; 

e F(\u) = AF (u), VA > 0; 

e Given any basis u1, U2,...,Un of V, write F(y) = F(y', y’,...,y”) for y = ytu +y°u2+ 
ayia: 


Then the Hessian matrix 


(os) = (5 


FP) jaye) 
is positive-definite at any point of V — {0}. 


For example, let (,) be an inner product on V. Define F(y) = ./<y,y>. Then F is a 


Minkowski norm. In this case it is called Euclidean or coming from an inner product. 


It can be shown that for a Minkowski norm F, we have F(u) > 0, Vu #0. Furthermore 
F(u + U2) < F(u) + F(u2), 


where the equality holds if and only if ug = au, or uy = auz for some a > 0. 


For any Minkowski norm F on real vector space V we define 


1 TE 
Cijk = gely yy". 
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Then for any y £0, we can define two tensors on V, namely, 


n 


gy(u, v) = ` gis (yur? 


i, j=n 


C(u, v, w) = ` Cijx(yuiv’w*. 


i,j,k=1 


They are called the fundamental tensor and the Cartan tensor, respectively. 


For a Finsler metric F on an n-dimensional manifold M and G’ be the geodesic coefficients 


of F , which are defined by 
; Tes 
G = oUF ery" < Fale 


For any x E€ M and y € T,M\{0}, the Riemann curvature Ry := Rie Q dx*is defined by 


OG" oG! oG’ dG'0G™ 


i ._ 9 m | m 


be “Oak Orry” Oy™ Oy" E Oy™ Oy ` 








Ricci curvature is the trace of the Riemann curvature, which is defined by 


kie z= Ra. 
For a finsler metric F’, let 
R% Ric 
(2.1) f(z,y) := F2? T Fr 


Then by the definition of Einstein-reversibility, we have 


By definition, an (a, 8)-metric on M is expressed in the form F = ag(s), s = E, where 
a = \/ai;(x)y'y! is a positive definite Riemannian metric, 3 = b;(x)yf a 1-form. It is known 
that (a, 3)-metric with ||3,||, < bo is a Finsler metric if and only if ¢ = ¢(s) is a positive 


smooth function on an open interval (—bo, bo) satisfying the following condition ({3], and [2]): 


ols) — so (s) + (b? — s?)¢"(s) > 0, YĮs| <b < bo, 
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For a pair of a and 8, we define the following quantities: 


1 1 
Tig = Fbi + bjs), Sij = 5 (ity — By), 


where \ denotes the covariant derivative with respect to the Levi-Civita connection of a 


Denote 
res a’ Tkj, Tj := brij, si = a’ Skj, Bgum b Sij, 
where 
(a) = (a), b = ab, 
and 


= igyd 
denotes the covariant derivatives of 6 with respect to a. Denote 
i. „ij i. nij es j = j em ind eee bod aol 
r’ i= a”rj, S i= a” Sj, Tigi Tiy, So = Syy’, To t=Tyy'W, To= Tiy So:5 sy’. 


We use the following lemma proved by [5]: 


Lemma 2.1. An n-dimensional square metric F = (a + 8)?/a is Einstein-reversible if and 


only if the following hold 








Rica = —c?{[(2n —5)b? + 5(n — 1)]a? — 6(n — 2)8°} 4 gpl H 1)(5n +3) + 
(2.2) +8(n + 1)b? — en ha? + (n 4 1)(9n —17)(1 + 5)8}, 
= 1 2b? 2 38? t = ti b2a2 2 ko = ti = 0 
Too = c[(1 + 2bf)af — 38°), o= Ge ne -= b°), Sok = pA So = 0, 


(n+1)(1+ 07) 


(2.3) aq = 2p 


i c? 1b, (ci = Cri), 





where c = c(x) is a scalar function. 
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3. Computation of the quantities 


Some computations which used for the main result in this paper, then in this section we 
shall use Killing vector fields to present some formulas about the Levi-Civita connection of 


homogeneous Riemannian manifolds. 


Let (G/H,a) be a homogeneous Riemannian manifold. Then the Lie algebra of G has a 
decomposition g = 7 + m, where h is the Lie algebra of H and Ad(h)(m) C m,Vh € H. We 
identify m with the tangent space T,(G/H) of the origin o = H. We shall use the notation 
(,) to denote the Riemannian metric on the manifold as well as its restriction to m. Note 


that it is an AdH-invariant inner product on m. Hence we have 
([z, ul,v) + ((z,v],u) =0, Veen, Vuem, 
which is equivalent to 
([z,u],u) =0, Veen, Yuen. 
Given v € g, we can define the fundamental vector field Ŷ generated by v, i.e., 
Vou = Sexp(tv)gH|i0, Vg EG. 


Since the one-parameter transformation group exp(tv) on G/H consists of isometries, Ẹ is a 


Killing vector field. 


Let X, Y, Z be Killing vector fields on G/H and U,V be arbitrary smooth vector fields on 
G/H. Then we have in ([7], [8]and [9]) 


(3.1) [X,Y] = -[X,Y] 
(3.2) X(U,V) = ([X,U],V) + ([X,V],U), 
(3.3) ie = -SUX YÍ, 2) + (X, Z, $) + (Y, 21,8). 


Let u1, U2, ..., Un be an orthonormal basis of m with respect to (,). We extend it to a basis 


U1, U2, «-; Um Of g. By Helgason [22], there exists a local coordinate system on a neighborhood 
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V of o, which is defined by the mapping: 
(exp(x'u,)exp(x*ug)...exp(x"un))H —> (x', x”, ..., 0"). 


Let gH = (x1, 27,...,0°) € U. Then 
ð 


oa loH= Fite |g, 
where 
(3.4) fi i et ON ger OMe ay, 
In the following, the indices a, b,c,... range from 1 to m, the indices i, 7,k,... range from 1 


to n and the indices A, ju, ... range from n+ 1 to m. 


Let i, be the Christoffel symbols in the coordinate system, i.e., 








ð pð 
baði Fk 
Then 
ð ð of 
ae = A + fo F!V a. Q. 
(3.5) Pag = Via gs = hte + SPI Vista 
From (3.4), we see that f? are functions of z!,...,2'~!. Thus 
Of? 
-=0 >j. 
Ox! pee 
Therefore (3.5) gives 
l ð b fa + : ; 
Lygi = Fis V åa, 1>. 


Differentiating the above equation with respect to xz, we get 


Ola o RTD 

19 spl i iJj 5 beta ] l 
Oxk Ox! + iT ks Ox! — axk Vite + Í: fj TAN aN tas 4 > J. 
Differentiating (3.4) with respect to x, and letting (xt, ..., £”) — 0, we obtain 


a EE 
os 


where Cf, are the structure constants of g which are defined by [ua, us] = C%,u- and f(k, 1) 








(3.6) 





are defined by 
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From [10] we use the following: 


Lemma 3.2. Considering the value at the origin, we have 





ors; zi ae ee 
Ərk lo F -Tihs Ts (Va, tu, Us)) ap F (k, j)Cki (V uba, ti) gg 


(3.8) +S (k, i) Cki (Va, tj, tu) + ûk(Va bj t), ij. 
Lemma 3.3. For ui, uj, Uuk, u E M, U) E N, we have 

ae Eei j i 
(3.9) (Va ûj, lo = — 9 (Ci + Ca + Cii), 


(3.10) (Vatn tlo = (uiau = Chr, 


A A A 1 a j a i a s 
ûk(Va âj Ulo = 5 (CkaCi + Ci, + oh OF + OF. C hst + 


ail 


(3.11) +O5 Ch 55st + Cj1Ckiðst), 


where [v;,Uj]m denotes the projection of |[v;,v,;] to m. 


From the above two lemmas, at the origin 0 we have 


DTi = (Vandi, dj) — (Va, 0, ti) = Ch. 


4. Ricci-quadratic homogenous Einstein metrics 


We will recall that the group of isometries of a Finsler space (M, F) is a Lie transforma- 


tion group of M [11]. A Finsler space M is called homogeneous if its isometry group acts 


transitively on M. A homogeneous Finsler space can be expressed as (G/H, F), where G is 


a connected Lie group, H is a compact subgroup of G and F is invariant under the action 


of G. Moreover, the action of G on G/H is almost effective and the Lie algebra g of G has 


a reductive decomposition g = 7 +m, where h is the Lie algebra of H and m is a subspace 


of g satisfying Ad(h)(m) C m,Vh € n. Let 


p- (a+ 6)? — (\/ai;(x)y'y + biley)? 


a Qij (x)ytyi 
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be a square metric. Let 73 = bi;y'dx? denote the covariant derivative of 8 with respect to 


Q: 


1 1 
5 Či + biji), Sij = z 


Tij = (dij; = biji), Sj := b Sij, tj = Sm 5 x 


We use a;; to raise and lower the indices of tensors defined by b; and b,;. The index 0 means 
the contraction with y’. For example, so = s;y' and roo = rijy’y’, etc. For Ricci-quadratic 


metrics on square Einstein spaces, and based on lemma 2.1 we have the following. 


Theorem 4.1. Let F = (o+8)" be a Einstein metrics on an n-dimensional manifold. Then 


it is Ricci-quadratic if and only if 


(4.1) ro = é[(1 + 2b7)a* — 387], 


k ti 
(4.2) So0lk = pe 


where Č = C(x) is a scalar function. In this case, 











Ric = Ric+{[(2n —5)b? + 5(n — 1)]a? — 6(n — 2)6?} — oat 1)(5n +3) 4 
(ey: yuri = a = 3) ig? — (n+ 1)(9n —17)(1 + +5) 


Proof. For the Finsler square metric F = ea , let f(x,y) defined by 2.1. First we can 


write in the following form 
(4.4).)[(1 + 2b*)a* — 367] — 1088?(a? — B?)?(2a7s9 + Broo[4a78s0 + (a? + B*)roo] = 0, 


where the omitted term in the bracket is a polynomial in (y'). By (4.4) (1 + 2b?)a? — 36? is 
divided by 2a7s9 + Broo, then 


(4.5) 20789 + Broo = O[1 + 2b7)a? — 367], 
where @ is a 1-form. Clearly, (4.5) is equivalent to 

(289 — O — 2b°O)a*) + Broo + 380) = 0, 
which implies 


Too = —360 + (1 + 2b°)ca?, O = cB + ——- 
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where c = c(x) is a scalar function. Plugging © into roo, we obtain 


6886 


(4.6) roo = c[(1 + 2b*)a? — 387] — oe 





Assume sọ = 0. Then by the above equation we get roo given in (4.1). 


plug all the above quantities into (4.4) and then multiplied by TF then (4.4)can 


be written as 


(4.7) (...)[(1 + 20?)a? — 367] + (n — 4)s2 baf (a? + B?)(a? — 67)? =0. 
By (4.7), it is clear that sọ = 0.Multiplied (4.7) by EANA obtain 


(4.8) (...)a? — B’ |4Rica + (9n — 17)co8 — 2(3n — 7)? 8°], 


Clearly, (4.8) shows 


(9n — 17) 
4 


R2 
(4.9) Oe ee. 


2 cob’, 





where d = d(x) is a scalar function. Plugging (4.9) into (4.8) yields 
({[8(3 — 2n)b? — 22(n — 1)|c? + 4(2t} — 20", — d)}8 + Asik — (n — 1)co)a? + 
(4HB(3 — 2n)b? — 30(n — 1)]c? — 4(2b*c, + d)}8 + [12s6),, — 5(n — 1)co) 8 + 16too = 0. 


By (4.10), we easily get 


n— 1 





(4.11) sh, = {(2b%c, — 2t; — 40 + d) + [in — 1) + 2(2n — 3)b?’]e}8 + Co, 





15 1 1 1 
E 2 care = feck = 27,2 | k | 2t 
to = ca +{]| 3 (n—1)+ 5 (2n 3)b*]c 4 z? Ck + gure | 
5 3 
(4.12) + ETAU — 1)& — 750P 


where o = o(2) is scalar function. Contracting (4.12) by a we get 


1 
= 3H (8b? + 1 — n)b¥c, + 2b7[4(2n — 3)b? + 9(n — 1)]c? + 


(4.13) + 4b?d — 4(3b? — 2)t*)}. 





Contracting (4.12) by b’b’ we get 


n — 1 — 8b? 
4b2 


2+3(n +1)? 


ko, 4 
b Ck T (n — 1)b? k: 








(4.14) d= 2G- 2n)8? — (nm — Dje ṣ 
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Plugging (4.13) and (4.13) into (4.12) and then contracting (4.12) by bÍ and using sọ = 0 we 








obtain 
bfc 
Plugging (4.13)-(4.15) into (4.10) we have 
" a, Rolie a ARE 
(4.16) Sok = {(n — 1)c j 292 b Ck a (n Db ti}. 


contracting(4.16) by b' and using sọ = 0 we get 


2(n +1)(1 +8) 
(n—1)? 





(4.17) bcp = —2b%c* — i 
Now using (4.17), it follows (4.16) that Soe is given in (4.2). Finally, (4.3) follows from (4.9), 
(4.14), and (4.15).This completes the proof. 


Now we consider homogeneous Einstein metrics. Let (G/H,a) and m be as above. If W 
is a G-invariant vector field on G/H, then the restriction of W to T,(G/H) must be fixed by 
the isotropy action of H. Under the identification of to (G/H) with m, W corresponds to 
a vector w € m which is fixed by Ad(H). On the other hand, if w € m is fixed by Ad(H), 
then we can define a vector field W on G/H by W|gu = £(gexp(tw)H)|t-0. Therefore, G- 
invariant vector fields on G/H are one-to-one corresponding to vectors in m fixed by Ad(H). 
Note that Einstein F = ee is G-invariant if and only if a and 6 are both invariant under 
G. Through a, 8 corresponds to a vector field U which is invariant under G and satisfying 


a(U) < 1 everywhere. This implies that there is a one-to-one correspondence between the 


invariant Einstein metrics on G/H with the underlying Riemannian metric and the set 
V = {ue m\Ad(h)u = u, (u,u) < 1,Yh € H}. 


Also note that in this case the length c of 8 (or U) is constant. 


Let (G/H, F) be a homogeneous Einstein metrics and (U, (z',...,2”)) be a local coordi- 


nate system. We suppose the vector field U which corresponds to the invariant 1-form 3 
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corresponds to u = cu,(c < 1) under the Riemannian metric a. Thus 


Ü |g 


d 
qs cei tu) Ho, 


d 
= gepe uerpr uz.. evp(2" + ctun) H li=0, 


o 


“aan | gH. 
See [12] for more information on invariant metrics. 


Then we have the following [4]: 
o ~ O 0 O 














bi = > = ` ae a = aes eee = nis 
Plg ( Dai! Agen Bat es 
Deh T Cpg CE ng Oui + T jiten), 
Ob; 
(4.18) bij = T I CLE Ons, 
1 Cine k 
ry = 5 (iy + bju) = 5 Engari + Triaki), 
1 c 
Sy = 5 (bag — bj) = 5 Pn Ohi = Dhd) 
Sj = bsi; = a”bisij = CSnj. 


Lemma 4.4. Let (G/H, F) be a homogeneous Einstein metrics and 6 correspond to u. Then 


(4.1) implies that 


(4.19) (ly, Ulm, y) =0, Vy em. 


Proof. Considering the value at 0, by (4.3), (3.7), (3.9), we have 


C 





Tro = 5 Eno + Pion) 
= 5 (Poko ay Toko) 
= 667. 
= (ly, um, y). 


It is obvious that 


e[(1 + 2b°)a* — 3870 = č + 2b°)(y, y) — 3(u, y). 
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Plugging the above two equation into (4.1), we get that at 0 
(ly, ulm, y) = č + 26°) (y, y) — 3(u, y)]. 
Setting y = u and taking into account the fact (u,u) < 1, we get 
EO) = 0. 
Thus 
(lv ulm, y) = 0. 
Replacing y by y + u in the above equation yields 
(v ulm u +y) = 0. 

From the above two equations and the fact that (u,u) < 1, we deduce that 

(Musulmi u) = 0, (ly, ulm, y) = 0. 


This proves the lemma. 


Note. From the above lemma we have 


Cl. +C'nj 0=cr 


nt? 


C2 
2 
ti(0) = Sms? S00. 


l 


(4.20) (0) = csm = Et — Tin) = 5 lle tilm t) = 0, 


5. Proof of the main theorem 


Let (G/H, F) be a Homogeneous Einstein metrics and 8 correspond to u which satisfies 
(4.4) we have 
bojo 





.1 = 0. 
(5.1) 70 0 

OSKo c . s mmn . syn s yn 
(5.2) Dat lo = zf (i k)CkCso + F(t, 0)CioCks + ConCis)- 


For more details see [1]. 


Theorem 5.2. A homogeneous Einstein metrics is Ricci- quadratic if and only if it is of 


Berwald type. 
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Proof. Let (G/H, F) be a Homogeneous Einstein metrics. Taking the local coordinate 
system as in section 3, we have seen that (4.4) holds. In particular, we have C”, = 0. By 
(5.2) we have 


OSn0 


ox? 
Differentiating (4.1) and taking into account the fact that ¢(o) = 0 = so(0), we deduce from 
(4.3) that 





C 
lo = 5(F(0,2)CG,0% + F (0, 0)CioC rs + ConCh) = 0 





obro oč 5 5 
C0 0 = < Grae — 36%], 
Ob 
~ 2) 2 2) 0 olo 
čo[(1 + 2b°)a“ — 36] = a0 = 0. 
By lemma (2.3) since 8 is closed which yields 
E = 0 
On the other hand , we have 
Crer ; C 
sij(0) = 5 (Pi = a) = zli 
When 
C - S n n n 
TED T — OCR + a +08 +04), 
k=1 1<k, ee 
Shik =0, so(0)=0 and let y= u, 
then 


XO CA(Che + Ch +CR) = 0= X CR(-2)(Va, tie, a), 


1<k,1<n 1<k,1<n 
= -2 ` Cal (Van âr, tu) + f(n, k)Crk) = —2 ` Cal hr 
1<k,1<n 1<k,1<n 
aS X (ChP nr + OT hi) - > Cien E ` (Cu). 
1<k,1<n 1<k,1<n 1<k,1<n 


Then by (4.2) we have 
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then 
(5.3) (Juk, ulļm, u) =0, k,l=1,... n. 


Which is prove that a Homogeneous square Einstein space is of Berwald type if and only if 


(4.1) and (5.3) are hold. This completes the proof. 


6. Conclusion 


A Finsler space is called Ricci-quadratic if its Ricci curvature Ric(x, y) is quadratic in y. 
It is called a Berwald space if its Chern connection defines a linear connection directly on 


the underlying manifold M. 


We use the notation of Einstein-reversibility for Finsler metrics. A characteristic condition 
of Einstein-reversibility to be Ricci-quadratic . And we use the most important characteristic 
and we obtain theorem that characterzes Ricci-quaratic Einstein metric. Then it can verified 


directly that 2 is closed. 


We prove that a Homogeneous Einstein metrics is Ricci-quadratic if and only if it is 
of Berwald type by using a characteristic condition of Einstein-reversibility to be Ricci- 


quadratic. 
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